We discuss semantics of equational Horn-clause programs based on the notion of a complete set of E-uni ers. We prove incompleteness of SLDE y -resolution introduced by Gallier and Raatz. We also de ne and compare several xpoint semantics.
Introduction
The notions of an E-uni er and a complete set of E-uni ers were introduced in the area of automated theorem proving with equality 17]. They generalize the notions of a uni er and a most general uni er, respectively, for the case of built-in equational theories. In logic programming, E-uni ers were introduced in 12]. The complete sets of uni ers in logic programming have been considered in 8, 5, 6, 10, 18, 19] . All these papers except 5, 6 ] considered restricted classes of logic programs with equality.
Despite di erent formulations, these restricted programs can be characterized as pairs (P; E), where E is an equational theory (a set of equations) and P is a logic program where equality can only occur in the bodies of the clauses. De nite programs of this kind were called well-behaved programs in 6].
E-uni ers and equational Horn-clause programs without any restrictions were considered in 6]. The model-theoretic semantics of such clauses is well known since long ago 1, 15] . However, there is no uniform generally accepted procedural interpretation. Article 6] de ned two procedural interpretations for equational Horn-clause programs: SLDE-resolution and SLDE y -resolution. SLDE-resolution is similar to unrestricted SLD-resolution 14], but with E-uni ers instead of uniers. SLDE y -resolution is similar to SLD-resolution, but with complete sets of E-uni ers instead of most general uni ers.
In 6] it was proved that SLDE-resolution is complete. The completeness of SLDE y -resolution was established only for well-behaved programs. The completeness of SLDE y -resolution in general was left as an open problem.
In this article we prove that SLDE y -resolution is incomplete. We also consider some properties of the complete sets of E-uni ers related to the xpoint semantics of logic programs. We discuss several possible ways of de ning the immediate consequence operator based on the complete sets of E-uni ers. We show that for some natural de nition the immediate consequence operator is not monotone and the least Herbrand model of the program is not a xpoint of the operator. We also de ne several immediate consequence operators having all desirable properties.
Preliminaries
We assume the knowledge of the standard notions of substitutions and uni cation, including vari- De nition 2.1 An equational Horn-clause program is any set of Horn clauses of the form s 1 = t 1^: : :^s n = t n s = t, denoted s = t :-s 1 = t 1 ; : : : ; s n = t n . A goal is any formula of the form Unlike the functional logic programming approach (see the survey 9]), we do not put any restrictions on the clauses.
We introduce some relations on the set of substitutions:
De nition 2.2 Let E be a set of equations, X be a set of variables, and be substitutions. Then and are equal modulo E over X, denoted by = E X], i for every variable x 2 X we have E`x = x . We say that is more general than over X, denoted E X], i there is a substitution such that = E X].
The notions of a E-uni er and a complete set of E-uni ers are the main notions studied in this paper:
De nition 2. SLDE y -resolution Let P be an equational Horn-clause program. Then E P denotes the set of all equations occurring in the heads of clauses of P. Following 6] , for any nite set of equations E, we denote by UNIF E a procedure that, given terms s; t and a set of variables X such that var(s) var(t) X, generates a complete set UNIF E (s; t; X) of E-uni ers for s and t away from X. We refer the reader to 6, 7] for the discussion of such procedures.
We assume that one such procedure UNIF E is xed. De nition 3.2 An SLDE y -derivation for a goal G and a program P is any sequence of goals G 1 ; : : : ; G n such that G = G 1 and every G i+1 for i 2 f1; : : : ; n ? 1g is a successor of G i w.r.t. P. An SLDE y -refutation for G and P is any such derivation with G n = 2.
In 6] SLDE y -resolution has been proved complete for the so-called well-behaved programs. It has been an open problem whether SLDE y -resolution is complete for arbitrary equational Hornclause programs. The completeness was conjectured in 4]. Here we prove that SLDE y -resolution is incomplete. We announced this result in 2]. The construction given below is more simple than the one used in 2]. (a a) and the goal G = :-f(x x) = f(x x) f(y). Then E P = fv v = vg. It is obvious that the terms f(x x) and f(x x) f(y) are not uni able. They are, however, E P -uni able. Applying the E-uni cation algorithm from 11], we obtain a complete set of E P -uni ers for these terms away from fx; yg consisting of one element = fz=x; z=yg. It is easy to see that there is a correct answer substitution fa=x; a a=yg. To refute the goal G by SLDE y -resolution, we have to use the E P -uni er 0 = fz z=y; z=xg, equal to modulo E over fx; yg. With this E P -uni er, the goal G can be reduced to :-f(z z) = f(a a), which has a trivial refutation.
There are even more simple examples of the incompleteness of SLDE y -resolution based on the fact that the set of all equations E P from the heads of clauses in P is used for generating the complete sets of E-uni ers. For example, consider the program x = y :-c = d a = b and the goal :-a = z. The set f"g is a complete set of uni ers for a and z w.r.t. fx = y; a = bg.
To prove a = z using instances of x = y and a = b, we have to use at least one instance of x = y. Then the goal :-a = z will be reduced to a goal containing c = d which has no refutation.
Our example used in the proof of Theorem 3.1 shows that SLDE y -resolution is incomplete even when we consider a complete set of E-uni ers generated by UNIF E , where E is any subset of E P .
Section 4 Fixpoint theory
Here we consider several approaches to de ning a suitable xpoint theory for equational Hornclause programs based on the notion of complete sets of E-uni ers. Such a xpoint theory in the non-equational case based on the notion of a most general uni er has been developed in 3] as so-called S-semantics and C-semantics. Instead of dealing with ground atoms, S-semantics and C-semantics deal with arbitrary atoms.
This allows one to use most general uni ers in the de nition of the immediate consequence operator.
We introduce a de nition of an equational C-interpretation similar to that of a C-interpretation of 3].
De nition 4.1 A C-interpretation is any set of equations of the signature closed under derivability in rst-order logic with equality.
In the de nition of C-semantics in 3], it is required that C-interpretations be upward-closed, i.e.
closed under instances. The upward-closedness is a consequence of our de nition, since the formula s = t is derivable from s = t. In order to de ne the family of the immediate consequence operators, we change the procedure UNIF E in the following way. First, we omit the third argument assuming that UNIF E returns substitutions away from all relevant variables. Second, UNIF E will be applied to a set of pairs of terms fhs 1 ; t 1 i; : : : ; hs n ; t n ig instead of a pair of terms and return a complete set of simultaneous E-uni ers for this set. A natural generalization of the immediate consequence operator for C-semantics based on the complete sets of uni ers is the following:
De nition 4.2 The immediate consequence operator T y P is de ned as follows. For any C-interpretation I we have T y P (I) * ) CL(fs = t j there are s 1 ; : : : ; s n ; t 1 ; : : : ; t n such that (s = t :-s 1 = t 1 ; : : : ; s n = t n ) 2 P and 2 UNIF I (fhs 1 ; t 1 i; : : : ; hs n ; t n ig)g) f(a a) ) m = (f(a a)) n j m; n 1g) Denote CL(P) by I. The set consisting of one substitution f(f(a a)) 2 =vg is a complete set of I-uni ers for v = f(a a). We can assume that this complete set is generated by a procedure UNIF I so that UNIF I (fhv; f(a a)ig) = ff(f(a a)) 2 =vgg. By the de nition of T y P we have T y P (I) = CL(f(f(a a)) 4 = (f(a a)) 2 g) = CL(f(f(a a)) 2m = (f(a a)) 2n j m; n 1g)
Hence, T y P (I) 6 = I. Now we shall introduce an immediate consequence operator having all desirable properties. To this end, we consider the set of all E-uni ers, as in the de nition of SLDE-resolution.
T P (I) * ) CL(fs = t j there are s 1 ; : : : ; s n ; t 1 ; : : : ; t n such that (s = t :-s 1 = t 1 ; : : : ; s n = t n ) 2 P and for all i 2 f1; : : : ; ng we have (s i = t i ) 2 Ig) Theorem 4.1 The operator T P is monotone and !-continuous. There is the least xpoint I of T P such that I = S ! i=0 I i , where I 0 * ) ft = t j t 2 T g I i+1 * ) T P (I i ) In addition, (s = t) 2 I i P`s = t.
Proof. Monotonicity is obvious. Let us prove the !-continuity of T P . Let J 0 J 1 : : : be a family of C-interpretations. We have to prove that T P (
We prove the inclusion T P ( In addition, (s = t) 2 I i P`s = t.
Proof. We prove that for every C-interpretation I we have T yy P (I) = K P (I) and then apply Theorem 4.2. It is evident that T yy P (I) K P (I). Let us prove K P (I) T yy P (I). Let (s = t) 2 K P (I). By compactness, there is a nite number of substitutions 1 ; : : : ; n and a nite number of clauses in P s 1 s n = t n :-s 1 n = t 1 n ; : : : ; s kn n = t kn n such that I fs 1 1 = t 1 1 ; : : : ; s n n = t n n g`s = t and I`s j i i = t j i i , for all i 2 f1; : : : ; jg and j 2 f1; : : : ; k i g. By the de nition of a complete set of uni ers, there are substitutions 1 ; : : : ; n such that for all i 2 f1; : : : ; ng we have 1. 2 Bibliography
